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Abstract. Let A, A' be separable C*-algebras, B a stable cr-unital C*-algebra. 
Our main result is the construction of the pairing [[j4',A]] x F,xt~^'^{A,B) — >■ 
ETd~^'^{A',B), where [[A', A]] denotes the set of homotopy classes of asymptotic 
homomorphisms from A' to A and Ext~ ' {A, B) is the group of semi-invertible 
^^ ' extensions of A by B. Assume that all extensions of A by i? are semi-invertible. 

I Then this pairing allows us to give a condition on A' that provides semi-invertibility 



^ 



of all extensions of A' by B. This holds, in particular, if A and A' are shape 
equivalent. A similar condition implies that if Ext ' coincides with _E-theory 
Q>^ ' (via the Connes-Higson map) for A then the same holds for A' . 






■<C ■ 1. Introduction 

o 

The theory of extensions of C*-algebras is presently experiencing an unprece- 
dented level of activity aiming to improve our understanding of extensions of non- 
nuclear C*-algebras. One line of research was sparked by the examples of non- 
invertible extensions by the reduced group C*-algebra of a free group obtained by 
Haagerup and Thorbj0rnsen in [HTj and the subsequent applications of their re- 
►^ , suit by Hadwin and Shen in |HSj which has resulted in a wealth of examples of 

cn ', C*-algebras with non-invertible extensions by the compact operators K. As pointed 






out in |MT5] each such example gives rise to a non-invertible extension of the same 

C*-algebra by any C*-algebra of the form 5®K with B unital. Although it may still 

be a pre-mature to conclude that the presence of non-invertible extensions is more 

O I of a rule than an exception in the non-nuclear case, the new wealth of examples has 

^-^ ■ made it more urgent to find a way to handle non-invertible extensions. 

In our previous work we have proposed an approach towards an analysis of C*- 
extensions in which many non-invertible extensions can be handled in a way anal- 
r> I ogous to how invertible extensions are dealt with and classified in the theories de- 

c^ ' veloped by Brown, Douglas and Fillmore, [BDF] . and Kasparov, |K1] . Specifically, 

in a series of papers, beginning with |MT3] and culminating in |MT5] . it has been 
shown that many of the non-invertible extensions are invertible in a slightly weaker 
sense, called semi-invertibility. Recall that an extension of a C*-algebra A by a 
stable C*-algebra B is invertible when there is another extension, the inverse, with 
the property that the direct sum extension of the two is a split extension. Semi- 
invertibility requires only that the sum is asymptotically split, in the sense that there 
is an asymptotic homomorphism as defined by Connes and Higson, |CHj . consisting 
of right-inverses of the quotient map. What has been shown is that many classes 
of (non-nuclear) C*-algebras, including suspensions, certain full and reduced group 
C*-algebras and certain amalgamated free products, have the property that all ex- 
tensions of the algebra by a stable (cr-unital) C*-algebra are semi-invertible. For 
some of these algebras it is known, thanks to the development mentioned above, 
that there exist non-invertible extensions, but for many or most it is simply not 
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known if all extensions are invertible or not. Intriguingly it has also been shown, in 
|MT4j . that non-semi-invertible extensions exist. 

The main reason why semi-invertibility is easier to establish, and a good reason 
why it can appear to be more natural in the homology and co-homology theories that 
are based on extensions of C*-algebras is that it is homotopy invariant, in the sense 
that if the Busby invariant of two C*-extensions are homotopic as *-homomorphisms 
then one of the extensions is semi-invertible if and only if the other is. This is in glar- 
ing contrast to invertibility; it is e.g. known that there are contractible C*-algebras 
with non- invertible extensions by K, cf. jKi] . All but one of the methods used so 
far to establish automatic semi-invertibility use the homotopy invariance property; 
the exception being Theorem 3.3 of [MT5j . However, it is shown in [MT4j that 
there are C*-extensions which are not even invertible up to the more natural and 
much weaker notion of homotopy usually applied in connection with C*-extensions, 
and it becomes therefore a natural problem to identify the borderline between the 
C*-algebras for which semi-invertibility of extensions is automatic, and the rather 
mysterious algebras with non-semi-invertible extensions. Presently such an identifi- 
cation seems out of reach, although one may be slightly more optimistic about the 
possibility of finding the right separating conditions than for doing the analogous 
thing concerning invertibility. 

The main purpose with the present paper is to show that automatic semi-invertibility 
of extensions, as a property of C*-algebras, is not only invariant under homotopy 
equivalence, but also under shape equivalence. This allows us to identify a large nat- 
ural class of C*-algebras which have this property, namely the class of C*-algebras 
whose shape is dominated by a nuclear C*-algebra. To make this more precise recall 
that shape theory of C*-algebras was introduced by Effros and Kaminker in [EKj as 
a generalisation of shape theory for topological spaces. It was developed further by 
Blackadar in |Bj before it was tied together with the E-theory of Connes and Higson 
by Dadarlat in [D] . Roughly speaking what Dadarlat showed was that shape theory 
of C*-algebras can be described by the homotopy category of asymptotic homo- 
morphisms which suitably suspended becomes the E-theory of Connes and Higson, 
|CH] . In short, shape theory is unsuspended E-theory. It is in this guise that we 
use shape theory here. As shown by Dadarlat a morphism in the shape category, 
say from the C*-algebra A to the C*-algebra B, is given by an element in [[A, 5]], 
the homotopy classes of asymptotic homomorphism from A to B. Our main result 
says that if A has the property that there is another C*-algebra A' and asymptotic 
homomorphisms ip : A ^ A®K, X : A ^ A' ^K and fi : A' ®K ^ A(^K such that 

[id^] + [i:] = [^] . [A] 

in [[y4,y4(8>IK]], where id^ is the identity map on A, considered as a map A ^ A^K. 
in the standard way and • denotes the composition product of Connes and Higson, 
then all extensions of A by a stable a-unital C*-algebra B are semi-invertible if all 
extensions of A' by B are. When tp can be taken to be zero the assumption means 
that A is shape dominated by A' in a sense generalising the notion of homotopy 
domination introduced by Voiculescu, [V], and when A' can be taken to be zero the 
assumption is that A is homotopy symmetric in the sense defined by Dadarlat and 
Loring in |DL] . 

We consider also the relation between the group of semi-invertible extensions and 
E-theory proper. As we showed in [MT4j the Connes- Higson construction introduced 
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in |CHj does not give an isomorphism between E-theory and the homotopy classes 
of extensions in general, but we show that it does for C*-algebras that are homotopy 
symmetric or shape dominated by a nuclear C*-algebra, or any other C*-algebra for 
which it does. 

Acknowledgement. The main part of this work was done during a stay of both 
authors at the Mathematische Forchungsinstitut in Oberwolfach in January 2010 in 
the framework of the 'Research in Pairs' programme. We want to thank the MFO 
for the perfect working conditions. 

2. Pairing extensions with asymptotic homomorphisms 

2.1. Asymptotic homomorphisms. Let A and B be C*-algebras, A separable. 
As in [CHJ we define an asymptotic homomorphism a : A ^ B to he a. path of maps 
at : A ^ B, t E [I, oo), such that 

■ t I— !■ at{a) is continuous, 

• limt_,oo "<(« + A6) - at{a) - \at(h) = 0, 

• limi_j.oo at(a6) — at{a)at{b) = 0, and 

■ limi^oo at{a*) - at{a)* = 

for all a,b E A and all A G C It follows from these conditions that lim sup^ ||a((a) || < 
||a||, and hence in particular that supjg[]^oo) ll'^t('^)ll < '^ fo^ ^11 a G A. 

We say that an asymptotic homomorphism a : A — > i? is equi- continuous when 
at,t e [l,cx3), is an equi-continuous family of maps. By a standard argument any 
asymptotic homomorphism a is asymptotic to an equi-continuous asymptotic ho- 
momorphism a', i.e. a' is equi-continuous and lim4_j.oo «t(a) — a[(a) = for all 
a & A. Hence we may assume, as we shall, that all asymptotic homomorphisms 
under consideration are equi-continuous. It will also be convenient for us, if only as 
a tool, to deal with asymptotic homomorphisms a which are both equi-continuous 
and uniformly continuous in the sense that t H- at{a) is uniformly continuous for all 
a & A. We shall need the following lemma in order to fully exploit this additional 
property. 

Lemma 2.1. Let D be a C*-algebra containing a a-unital ideal Dq, and let q : 

D — ^ D / Dq be the quotient map. Let ip = {(ft)ti=\i oo) • ^ ~^ D/ Dq be a uniformly 
continuous asymptotic homomorphism. There is then a family Ip^ : A ^ D,t & 
[l,oo), of maps such that 

'^) Q °Vt = Vt for all t G [1, oo), 
a) Tpt : A ^ D , t E [1, oo), is equi-continuous, 
Hi) t (-)■ Tp^(a) is uniformly continuous for all a E A, and 
iv) supjg[]^^oo) ||^(a)|| < oo for all a E A. 

Proof. Let ip = {ipt)t^\i ^^ : A ^>- D he an equi-continuous lift of ip such that 
supjg[]^_oo) ||^f(a)|| < oo for all a E A. ip exists by Lemma 2.1 of |MT2] . Let 
Fi (^ F2 (^ F3 C . . . he a sequence of finite sets with dense union in A. Let 
Wi < M2 < W3 < . . . be an approximate unit in Dq such that 

11(1 - Un) (Ma) - A'iam < \\ipt{a) - iptia)\\ + - 

n 

for all a E Fn and all t,t' G [l,n + 1]. Such an approximate unit exists because 
Dq is cr-unital. For t G [n, n + 1], set Vt = (t — n)un+i + (n + 1 — t)un, and define 
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Tp^: A^ M{D) such that 

^i(«) = (1 -vt)i)t{a). 
It is obvious that {}Pt)te\i oo) i^ equi-continuous since {;ipt)t^\i oo) is and that i) and 
iv) hold. To check that Tp is uniformly continuous, let a G A and e > be given. 
By equi-continuity there is a 6 G F^ such that ^ < e and ||^i(a) —Tp^{h)\\ < e and 
\\it{a) - ipt{b)\\ < e for all t G [1, oo). Let t > k. li \t' - 1| < 1 we find that 
||^,(a)-^,,(a)||< 11^,(6) -^,,(6)11 +2e 
< 11(1 - vt) (Mb) - i't'ibm + Ut'mvt' - vt)\\ + 2e 

<yt{b)-p>t'm + -+\t~t'\ sup 11^,(6)11 +2e 
"^ se[i,oo) 

<ytia)-ipt>ia)\\+5e+\t-t'\ sup ||^,(a)|| + |t - t'|e. 

sG[1,oo) 

By uniform continuity of 1 1— ?■ ipt{0') this shows there is a 5 > such that 

ll^t(«) -^t'(a)ll < 6e + e sup \\ips{a)\\ 

se[i,oo) 

when t > k and |t — 1'| < S. Since [l,k] is compact, we see that t i— )■ Tp^^a) is 
uniformly continuous on [1, oo). D 

2.2. Folding. Let A and B be C*-algebras, A separable, B a-unital. Let M(B) 
be the multiplier algebra of B and qb '■ M{B) — )• Q{B) the quotient map onto the 
generalised Calkin algebra Q{B) = M{B)/B. As in |MT2j an asymptotic homomor- 
phism ip : A ^ Q{B) will be called an asymptotic extension. In |MT2] we used a 
construction called folding which produces a genuine extension out of an asymptotic 
one. To introduce it here, let </? : A — )■ Q{B) be a equi-continuous asymptotic exten- 
sion. A lift of ip is an equi-continuous family of maps Tp^ : A ^ M{B), t G [1, oo), 
such that supf ||^f(a)|| < oo for all a G A and Qb °'^t = Vt for all t. The existence 
of such a lift follows from Lemma 2.1 of |MT2] . 

Let 6 be a strictly positive element in 5, < 6 < 1, which exists because we assume 
that B is cr-unital. As in [MT2j a unit sequence is a sequence Uq < Ui < U2 < ■ ■ ■ of 
elements in B such that 

■ Un = fnip) for some /„ G C[0, 1], < /„ < 1, which is zero in a neighbour- 
hood of 0, 

■ Un+iUn = Un for all u, and 
• lim^^oo Unb = b. 

The existence of a unit sequence, with some important additional properties that 
we shall need is a consequence of the following well-known lemma. 

Lemma 2.2. Let K O B and L C M{B) be compact in the norm topology, and 
let 6 > and e > be arbitrary. It follows that there is a continuous function 
/ : [0, 1] ^ [0, 1] such that 

i) f is zero in an open neighbourhood ofO, 
ii) fit) = 1, t>6, 
and u = f{b) E B has the property that 

Hi) \\um — mu\\ < e Vm G L and 
iv) \\uk — k\\ < e VA; G K. 

Proof. See for example Lemma 7.3.1 in |BUj . D 
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Given a unit sequence {«„} we set Aq = ^/uo and A„ = a/u„ — u„_i, n> 1. Then 
al) AjAj = when |i — j| > 2, and 

a2) ^"lo'^i ~ -'-' with convergence in the strict topology. 
In particular, it follows that 

for all i, including i = when we set A_i = 0. 

A discretization (of [1, oo)) is an increasing sequence to ^ ^i < ^2 < • • • in [Ij 00) 
such that 

a4) lim„^ooin = 00, 

a5) lim„^oo^n+i - ^n = 0, and 

a6) tn < n for all n > 1. 

When 99 : A — i- Q{B) is an asymptotic extension and ^ : A — )■ M{B) is a lift of y? 
a pair ({««}, {^n}), where {«„} is a unit sequence and {t„} a discretization, is said 
to be compatible with ^ when 



and 



for all a G A, and 



lim sup ||unV5f(a) - V^t(a)Mn|| , (2.1) 



lim sup \\ipt{a) - (p^^{a)\\ = (2.2) 



lim sup [||(l-nO/(t)||-||gB(/(t))||]=0 (2.3) 

for all f eCb ([1, 00) , M{B)) of the form 

• fit) =^t(a)^t(^)_-^t(«_^), 

• /(i^) = ^t(a) + ^^i(^) - ^t(« + A&)> and 

• f{t)=ip,{a*)-Tp,{ay 

for any elements a,b E A, X & C The existence of compatible pairs ({u„}, {t„}) was 
established in |MT1] and |MT2j . Note that condition (E^D is automatically fulfilled 
when Ip is uniformly continuous; it follows then from a5). 

Assume that ({u„}, {tn}) is a pair compatible with ^. The combined triple / = 
{'ip, {un}, {tn}) will be called folding data for the asymptotic extension (p. We can 
then define Ipf : A ^ M{B) such that 

00 
^/(") = '^^m,{a)^j, 

cf. Lemma 3.1 of JMT2] . By Lemmma 3.5 in JMT2] . 

(Pf = Qbo ^f 

is an extension ipf : A ^ Q{B) which we call a folding of </?. 

A re-parametrisation is a non-decreasing continuous function r : [1, 00) — ?■ [1, 00) 
such that limt^oo ''" (t) = C)0. If there is a constant iT such that \r{s) — r{t)\ < K\s—t\ 
for all s,t E [1,cxd) we say that r is Lipschitz. Note that when (yj : A — )■ Q{B) is 
an asymptotic extension and Tp : A ^ M{B) is a lift of cp, we can define a new 
asymptotic extension ip''' with a lift v?*" such that ipl = ipr(t) and yj'^j = ^^(j). Both ip''' 
and v?^ remain uniformly continuous if Tp is uniformly continuous and r is Lipschitz. 
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Lemma 2.3. Let({) : A — )■ Q{B) he an asymptotic extension and let f = (jp, {«„}, {tn}) 
be folding data for ip. There is then a Lipschitz re-parametrisation r and a discretiza- 
tion {sn} such that 

i) ipf and </?'' are both uniformly continuous, and 
a) r{sn) = tn for all n. 
Furthermore, f = {(f^, {«„} , {s„}) is folding data for (f"^ and (f^r, = iff. 

Proof. Let -Fi C F2 C F3 C . . . be an increasing sequence of finite sets with dense 
union in A. It follows from f l2.2p that there is an increasing sequence 1 < mi < 
^2 < ""^s < • • • in N such that 

sup \\-^^{a)-^^^{a)\\<- (2.4) 

te[t„,t„+fc] «^ 

for all a E Fk and all n > nik- By increasing the m^'s we can arrange that m^+i — 

"^fc = klk for some Ik € N. Set /q = rrii. Thanks to a5) we can also arrange that 

1 

tn+k ~ tn ^ T (2-5) 

for all n > rrik. Set 

fc-i 

Sm,+i = J2^^ + J. (2.6) 

i=o 
for all i e {0, 1,2,..., kl^} and all k = 1, 2, 3, ... . Then s^ < n for all n > mi. 
For j e {0,1,..., mi — 1} we choose Sj G [l,mi] such that Sj increases with j 
and Sj < j for all j G {1,2,..., mi — 1}. Then {s„} is a discretization. Define 
r : [1, 00) —7- [1, 00) such that ii) holds and r is linear on [s„, Sn+i] for all n. Then r 
is a re-parametrisation and 

^ I Z^^J' +M = tnik+ik, 
\j=0 J 

for all i G {0, 1, ... , Ik} and all k. It follows then from (12.41) . by use of the equi- 
continuity of ^, that 

lim sup ||^^,(t+^„)(a) -^^(t)(a)|| =0 (2.7) 

for all a E A. (12. 7p implies that (y9^, and hence also (f"^ are uniformly continuous, i.e. 
i) also holds. It follows from (12. 5p and (12. 6 p that 

r (-Smfc+i+l) ~ ''^ (Smfc+i) ^ . 

when i G {0, 1,2,..., klk — 1}. It follows that there is a -ft' > such that r (sj+i) — 
r (sj) < K (sj+i — Sj) for all j > 0, proving that r is Lipschitz. Finally, it is now 
straightforward to check that /' = {ip''', {«„} , {s„}) is folding data for (p"^ and that 

<^^, = ipf. a 

There is an alternative picture of the folding operation which we shall need. 
Let /^(-B) denote the standard Hilbert S- module of 'square-summable' sequences 
(60, &i, &2, • • • ) of elements from B. The C*-algebra of adjoint-able operators on 
l'^{B) can be identified with M{B ^K.) and the 'compact' operators on P{B) is then 
identified with i? ® K, cf. |K2j . By using the standard matrix units {ejj}°^.^g which 
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act on P{B) in the obvious way, we can use a set of folding data / = (</?, {u„}, {t„}) 
to define a map Ip-^ : A ^ M [B ® K.) such that 

oo «+l 
i=0 j=i~l 

The sum converges in the strict topology because sup^j ||Aj^j. (a)Aj|| < oo. Tp^f is 
continuous by equi-continuity oiTp^,t G [l,C)o), and a direct check, as in the proof 
of Lemma 3.5 of [MT2j . shows that Tp-^ is a *-homomorphism modulo B ^ K, i.e. 
f^ = Q'b^k ° ^■^ is an extension oi A hj B ^ K.. In order to see the relation between 
ip-l' and ipf, observe that 

oo 
j=0 

is a partial isometry in M{B ® IK) such that 

■ V {Tpf{a) O eoo) V* -Tpf{a) e B® K, and 

. V*V = 1 ® eoo. 
Since (1 - VV*){P{B)) © Z^^^) ^nd (1 - 1 O eoo) (IHB)) © /^(5) are isomorphic 
Hilbert S-modules by Kasparov's stabilisation theorem, cf. [K2j, it follows that 
there is a unitary dilation U of V, acting on l'^{B) © ^^(-B), such that 

^ ^f{a)® eoo 0^ ^. _ ^n^a) 0^| ^^^^j^^^y 

In this way we obtain the following conclusion. 

Lemma 2.4. Assume that B is stable, and identify i? © K with B. 
Then </?/ © is unitarily equivalent to ip-^ Q)0. 

2.3. A key lemma. Two asymptotic extensions (p,(p' : A ^ Q{B) are strongly 
homotopic when they define the same element in [[A, Q{B)]]. This means that there 
is an asymptotic homomorphism a : A ^ C'lO, 1] © Q{B) such that evo oa^ = (p^ 
and evi oat = ft for all t, where ev^ : C[0, 1] © Q{B) — )■ Q{B) is evaluation at 
s G [0, 1]. In this subsection we will relate a particular folding oi (p to a folding of p>', 
assuming that the strong homotopy a connecting (p to (p' is uniformly continuous. 
By Lemma El applied with D = C[0, 1] © M{B) and Do = C[0, 1] © B, there is 
an equi-continuous and uniformly continuous lift a : A — )■ C[0, 1] © M{B) of a such 
that supi£[ioo) ||ai(a)|| < oo for all a E A. Let {m„} be a unit sequence in B such 
that 



lim sup 

"-^°°te[l,n+2] 



sup 11(1 - Un) f{t){s)\\ - \\qc[0,mB {f{t))\ 
SG[0,1] 



(2. 



when f E Cb ([1, oo), C[0, 1] © M{B)) is any of the following functions: 

■ f{t) = at{a)at{h) -at{ab), 

■ f{t) = at(a) + Xat{b) — at{a + Xb), or 

■ fit) = at{a*) -atia)* 

for any a, 6 G A, A G C. Furthermore, we require also that 

lim snp{\\unat{a) (s) -at{a){s)un\\ ■■ t G [l,n + 2], s G [0, 1]} = (2.9) 

n—^oo 

for all a E A. That such a unit sequence exists follows from the separability of A 
and the equi-continuity of a by use of Lemma 12. 2[ 
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Let {tj} and {tj} be discretizations. Then /o = (evg oa, {«„} , {t^}) is folding 
data for evo oa and /i = (evi oa, {«„} , {t„}) is folding data for evi oa. The key 
lemma referred to in the title of this section is 

Lemma 2.5. In the above setting, assume that k, : A ^ Q{B) is an extension 
such that (evooa)r © k zs asymptotically split. It follows that (evioa), © k zs 
asymptotically split. 

For the proof we need the following 

Lemma 2.6. Let {t^} and {t„} he two discretizations and ai < 02 < . . . a strictly 
increasing sequence in N. 

There is a sequence ho < hi < h2 < ■ ■ ■ of continuous functions hj : [l,oo) — )■ 
[1, 00) such that 

i) hj{t) =t'j, J <ak, te [k,k + l], 

ii) hj+iit) - h^it) < max {i, t;.+i - t'.] Vj, te[k,k + l], 
a) for alln G N there is an A^„ G N such that hj{t) = tj when t G [l,n], j > Nn, 

and 
iv) hj{t) < j for all j > 1 and all t. 

Proof. Let A; G N. Since limj^oo t'j+i ~ ^j = s-^d limj^oo ij+i — tj =0 there is a hk > 
ak such that max {tj+i — t'j, tj+i — tj} < -^ for all j > hk- We arrange that 6^+1 > hk. 
On the interval [/c, fc + 1] we set hj{t) = t'j when j < hk. Since limj^ootj+i ~ tj = ^ 
and \im.j^ootj = 00 there is an m^ > hk such that f + 1^ > t„ > t'f, for all n > nik. 
We set 



/;,j(t) = max I min{- + t^,^, tj}, t'^^ \ 



when J > hk and t G [A;, A; + |] . Then hj{t) = tj when j > rrik. With these 
choices we have defined the /ij's on all the intervals [A;, A; + i] , A; = 1, 2, 3, ... , but 
it remains to define the /i^'s on [A; + |,A; + l] when j > hk. For this note that 
h.+i (k + l)- h, {k + ^)<l and 

h,+i (k + l)- hj {k + l)< max I -j-^, t;+i -t'j\ <-^ 

for all j > hk- Hence by defining hj, j > hk, to be the linear function on [A; + i, A; + l] 
which connects hj [k + |) to hj {k + 1) we have obtained what we wanted. D 

Proof of Lemma IKR Set a^ = ev^ oat, ^o = v^ and A„ = y/Un — u^-i, n > 1. 
We define ip^ : A ^ M{B) such that 

00 

j=0 

Note that ip'^ is continuous thanks to the equi-continuity of evooat,t G [l,c>o), cf. 
Lemma 3.1 of |MT2j . and that qb o'ip^ = (evg oa) . . It follows from our assumption 
that there is an equi-continuous asymptotic homomorphism fi : A ^ M2 {M{B)) 
such that 

_fl^l' f^l' 
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where qb o /ij^ = Qb ° V'°) Qb ° /^P = Qb ° fi't^ = and qb o fi^"^ = k for all t G [1, oo). 
It follows from Lemma [2.21 that we can choose a continuous path Vtit G [l,oo), in 
the C*-subalgebra of B generated by the strictly positive element h such that t \-^ Vt 
is norm- continuous, < Vt < 1 for all t, and 

a7) VtAi = Ai, i <t, 

a8) lim^^oo ||^t/^t^(ct) — /^t^('3')^t|l = ^^ ^11 a G A, 

a9) limt^oo ||(1 - f*) /iP(a)|| = hmt^oo ||(1 - vt) fif\a)\\ = for all a e A, 
alO) limt^^oo ||'i^t'^°(a) — 4'^{0')vt\\ = for all a & A, and 
all) limt^oo 11(1 -^^t) [nl\a)-i:^{a)]\\ = for all a e A. 
Since limj_^oo VtAi = for all t there is an increasing function i : N — )■ N such that 

lim sup sup llffAjll = 0. (2.10) 

''^°° j>i{k) t&[k,k+l] 

Let -Fi C F2 C F3 C . . . be a sequence of finite subsets with dense union in A. For 
each n &N there is an e„ > such that 

atia)-at'ia) <- (2.11) 

n 

when |s — s'\ < e„, t G [l,n + 2],a G F„. Choose then a sequence of continuous 
non-increasing functions gk : [1, 00) — ;■ [0, 1], A; = 0, 1, 2, 3, ... , such that 

al2) for each t G [1, 00), gk{t) = 1 for all but finitely many k, 

al3) gi{t) = for all i = 1,2, ... ,i{k), when t > k, 

al4) (7fc < gk+i for all /;;, and 

al5) gk+i(t) — 5'A;(t) < e„ when t G [1, n + 2], for all k, n. 

Since the gkS are non- increasing it follows from al2) that there are numbers 
ai < a2 < as < . . . in N such that 

ak>i{k) (2.12) 

and 

gj{t) = l,te[k,k + 1], J > flfc - 1. (2.13) 

We can then use Lemma [^^ to obtain continuous functions hj : [1, 00) — > [1, 00), j = 
0, 1, 2, 3, ... , such that h^ < hi < h2 < . . . and 

al6) hj{t) = t'j, j < ttfc, t G [k, k + I], 

al7) hj+i{t) - hj{t) < max {|, t^.+i - t'j}Wj, te[k,k + l], 

al8) for all ra G N there is an A^„ G N such that hj{t) = tj when t G [1,"^] and 

j > Nn, and 
al9) hj{t) <j for all j,t. 

Now we set 

00 

^,(a) = J]A,a^45(a)A,. 
i=o 

It follows from Lemma 3.1 of |MT2j and the equi-continuity of a that ipt '■ A ^ 
M{B), t G [1,00), is an equi-continuous family. Furthermore, it follows from al2) 
and al8) that for each n G N there is an A^^ G N such that 

K 
^,(a) = ^A,a^4;5(a)A,+ ^ A,a,i^(a)A, (2.14) 
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for all t < n and all a & A. In particular, this shows that qb o ipt 
that t I— !■ iptio) is norm-continuous. 
Let 



(evi oa) r and 



and set A 



«j, 



a 



Xl\a) = vtfil\a)vt + (1 - v^y^M^^) (l " VtV 
fit (a) for (i,j) 7^ (1,1)- Finally, set 



Ai(a) 



K\a) X\\a) 



ha) Af 

Then Aj : A — )■ M2 {M{B)) ,t & [1, 00), is an equi-continuous family of maps and 
since qs o X]^ = (evi o«) j-^, Qb ° Aj^ = q^ o A^^ = and g^ ° Ap = k, it suffices to 
show that (Ai)^gM ^n is an asymptotic homomorphism. 

Each /i*-' is asymptotically linear and j^t {a*) agrees asymptotically with [il\a)* 
since /x is an asymptotic homomorphism. Furthermore, it follows from a7) and 

(12. 8p that a i-T- (1 — v'^)'^ V't('^) (1 ~ '^?)^ is asymptotically linear and asymptotically 
commutes with the involution as t tends to infinity. It is then clear that the same is 
true for A^^ and hence for A. 

We check that A is asymptotically multiplicative. For this we write A{t) ~ Bit) 



B 



0. Let 



between t-dependent elements from M{B) when limf_^oo II ^(^) 
a,b ^ A. It suffices to show that 

Xl\a)Xrib) + Xl'{a)Xr{b)r^Xl'iab) 

and 

Xl\a)Xl\b) + Xl\a)X't\b)r^Xl\ab). 

To handle f l2.15p observe that Vt^j^{a)vtfil^{b) ~ ji]^ {a) n]"^ {b) by a8) and a9), and 

that (1 — f^)2 'ipti.o) (1 — f^)2 lA'^ip) ~ by a9). Since /i is an asymptotic homo- 
morphism we have also that ^\^{a)^\'^{b) + ;uP(a)yUp(6) ~ ) 
follows from this. 

It remains to verify f l2.16p . For this we prove first that 

vt (V^t(c) - ij\c)) ~ (^i(c) - ^°(c)) vt ~ (2.17) 

for all c E A. To establish (12.171) observe that the following estimate is valid when 
t > k: 



(2.15) 

(2.16) 
)), and 

homo- 

ab) = Xl\ab). (ESD 



\vt{ijt{c)-ij\c))\ 




hj{t) 



c) 



a°,(c))A. 



i+i 

j>i{k) l=j-l 



(by al3), (12121) and al6)) 
(<.S(c) - a'.Xc))* A,v^A, (a^;g(c) - a°,(c)) A, 

(using al)) 



< 12 sup II a;s(c) 
se[i,oo) 



sup 

j>i{k) 



\Am\ 



(by Lemma 3.1 of JMT2] ). 



In this way it follows from (I2.10p that vt {4't{c) — '?/'°(c)) ~ 0. The same arguments 
work to show that also {ipt{c) — i'^{c)) Vt ~ 0, giving us (I2.17p . 
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Note that fl2.17p combined with alO) imphes that 



K,V't(c)]~0 



(2.18) 



and combined with all) that 



Vt{l - Vt)^lJt{c) ~ Vt{l - Vt)llt (c) 



(2.19) 



for all ceA. Using fl2J8D . fl2:T9ll and a8) we find that 



\\\a)\l\b) 

~ vtli]\a)ii\\h) + 2v', (1 - v^) lA\a)i,]\h) + (l - v^f Ua)Uh) 
= {2vl - vt) fil\a)^,l\b) + (1 - v^YMa)Mb). 



(2.20) 



To continue we show next that 



[l-Vt)Ma)Mb)-^il-Vt)Mab) 



(2.21) 



for all a,b & A. To this end let t G [fc, /c + 1] and a,b & F^. By using Lemma 3.1 
from |MT2j several times we find that 



;i - v,)i>,(a)M>>) 



3>t 



i+1 



.1=3-1 



t<j<ak 



J + 1 



E ^A%(^)^3^^<!§,(b)A, 



.1=3-1 



(1 - -0 E 



t<j<ak 



3>a-k 



J + 1 



i+1 



.1=3-1 



E ^<w(«)^.^^"Sw(^)^. 



,9j(*)/ 



.«=j-i 



+ (i-^oE 



3>a-k 



3+1 



.«=i-i 

(using fIZTTD . al9) and al5) 



(using a7)) 



(using dm) 
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:i--o E 



t<j<ak 



E A.«?S(«)A.A.«^S(&)A. 



i+i 

j>ak l=j-l 

(using al7) and the uniform continuity of a) 

~ (1 - V,) J2 ^-^M?) («)<(?) (^)^- + (1 - ^t) E A,a;,^(,)(a)a;,^(,)(6)A, 

t<j<ak j>ak 

(using (El]), al9) and a3)) 
~ (1 - V,) J2 ^A%i<^b)A, + (1 - vt) Y, ^Am(^b)A, (using a7)) 

t<j<a.k j>ak 

= {l-Vt)M(ib) (using (ED), 

giving us (Em]). Inserting fl^:^ into fl^:^ we find that 

Xl\a)X]\b) ~ {2v^ - vf) ^.l\a)^^l\b) + (l - v^)' Mab) 

~ {2v^ - vt) {f,l\ab) - /i,^^(a)/if (6)) + (l - v^)' M^b) 

(since fi is an asymptotic homomorphism) 
~ (2.;,^ _ ^4) ^11^^^) _ /.f (a)/.f (6) + (l - v^)' M^b) 



v',li\\ab) + (t;,^ - vt) li\\ab) - /x,^^(a)/xf (6) + (l - v^f U^b) 
v^fi]\ab) + {v^ - vt) Mab) - lA\^)lA\b) + (l - v^f ^,{ab) 



(using a9)) 



(using ^M)) 



= v^fil\ab) + (1 - v^) Mc^b) - fil\a)fif{b) 

~ vtfil\ab)vt + (1 - v^)^M(^b) (1 - v^)'^ - fi]\a)^f{b) 

(using a8) and (EISD), 
which gives us (I2.16p . 



D 



2.4. On the dependence of the folding on the folding data. We can now 

show that if a folding iff of yj is semi-invertible then the same is true for any other 
folding of if and that the unitary equivalence class of ipf, modulo asymptotically 
split extensions does not depend on the folding data. The main step is the following 
lemma. 

Lemma 2.7. Let A and B he C*-algebras, A separable, B stable and a-unital. 
Let if : A ^ Q{B) be an asymptotic extension, and f = (Tp,{un} ,{tn}), f = 
{^,{u'n} ,{tn}) two sets of folding data for ip. Assume that ip : A -^ Q{B) is an 
extension such that y?/ ©■?/'© is asymptotically split. 
It follows that ipfi © V^ © is asymptotically split. 

Proof. Thanks to Lemma 12.31 we may assume that if, Tp and (p are all uniformly 
continuous. Since lim„_j.oo tn = lim„_5.oo t^ = oo we can use Lemma 12.21 recursively 
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to obtain a unit sequence {«"} and increasing functions m, m' : N — )■ N such that 
m(0) = m'(0) = 0, 

a20) tm{n) > n, 

a22) Um(n)u'n^i = u'^-i for all n > 1, and 

aZoj In f-n— 1 _ '^'m{n) ''m(n— 1); '^ ^ J-; 

and also 

a24)C(„)>n, 

a25) «„«„/(„) = w^,(„), 

a26) «;,/ („)<-! = <_i, ri > 1, and 

a27)t:,-Ci<C(n)-C(n-i),^>l- 

In addition we arrange that g = {Tp, {w^} , {tn}) is folding data for ip and that 

lim sup 11(1 -0(^,(a)-^,(a)) 11=0 (2.22) 

for all a & A. Then also g' = {Tp^ Wn} ? {i'n}) is folding data for ip. We claim that 
there are Lipschitz re-parametrisations r, r' : [1, oo) — ?■ [1, oo) such that 

a28) r{n) < n for all tt. G N and 

a29) (y9g © is unitarily equivalent to iph ® 0, where h = (ip, {un}, {r (tn)}), 

and 

a30) r'{n) < n for all n G M and 

a31) ipgi © is unitarily equivalent to iph' © 0, where h' = (^, {u'^} , {r' (t^)}). 

The construction of r and r' are almost identical, but slightly more demanding for 
r' since we pass from Ip to (p. We describe therefore only the construction of r'. 
Define r' : [1, oo) — )■ [1, oo) to be the continuous function such that r' is linear on 



t' t' 

m,(n— 1)' m{n) 



r' f C(n-i) j = t'n-1 and r' (C(„)j = t'^. Then r' is Lipschitz thanks 



to a27) and limi_^oo''^'(^) = oo since lim„_^oo^n — °*^- Using a24) we find that 
r'-i([l,n])Dr'-i([l,t:,])D[l,4(„)]D[l,n]. 

It follows that r'{n) < n for all n. Furthermore, it is straightforward to combine 
(12. 221) with the fact that g is folding data for ip to verify that the same is true for g'. 
(Recall that (p is uniformly continuous.) It remains now only to show that (pg' © 
is unitarily equivalent to iph' © 0. For this purpose note first that by Lemma [231 we 
may as well show that (p^ © is unitarily equivalent to ip^ © 0. This is done as 
follows. 

Set a;, = ^, a:, = ^<-<_i,n > 1, A'i = ^, A^: = v/< - <-i- ^ 
follows from a25) and a26) that 



m 



'{n-l) <k< m{n) => Mj^M' = 0, j ^ {n - 1, n]. (2.23) 
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Set V = Y.ij ^i^'j ® ^ij which is a partial isometry in M{B (g) K). By using JHTI^ 
and Lemma 3.1 of |MT2j we find that 

oo k+1 

i,j fc=0 l=k-l 
oo i+3 oo fc+1 

= E E E E A:'AlV.,(,,)(a)AfA;'®e,- 

1=0 j=i-3 k=0 l=k-l 

oo i+3 oo fc+1 

= E E E E A:'A'fcVt^(«)Af a;' ® e., modulo B ®K. 

i=0 jr=J-3 fc=0 /=A:-1 

It follows from fl^:^ that 

oo i+3 oo fc+1 

EEEE^^'^^'^*^(«X^>^^.- 

i=0 j=i-3 fe=0 i=fc-l 

oo i+3 oo fc+1 

= E E E E A-'Al,Vi^(a)Af a;' ® dj modulo fi ® K. 
i=0 jr=i-3 fc=0 ;=fc-i 

Note that 

oo fc+1 fc+1 

Y, E A:'A',^^,,(a)Af = Y. H A:'A'/^,,(a)A;^ 

fc=0 i=fc-l fc>m'(i-l) /=fc-l 

thanks to (12 .23 p . Since 

oo fc+1 

E E^'^'h(«)'^'' 

fc>m'(i-l) l=k-l 



< 



< 





2 


E ^^ 




fc>m'(i-l) 





fc>m'(i-l) 



fc+1 



<^ 



.;(«), E ^^' 



E ^'^ 

fc>m'(i-l) 



fc+1 



^t;(«)' E ^'^ 



l=k-l 



l=k-l 
fc+1 



fc+1 



^t; W 



E^f 



/=fc-i 



A', 



<^t;(«)' E ^'' 



«=fc-i 



Al 



fc) 



it follows from the compatibility of {{u'^}, {t'n}) with ip and Lemma 3.1 of |MT2] 

that 

oo i+3 oo fc+1 

E E E E A:'A'/^,,(a)AfA;'®e,, 

i=0 i=i-3 fc=0 l=k-l 
oo i+3 oo fc+1 

= E E E E ^'i^k'^fvti («) a; ® e,, modulo 5 ® K 

i=0 j=i-2 fc=0 «=fc-l 
oo i+3 

= E E ^"^*;(«)^" ® e^J- (^si^g al) - a3) for {<}) 

i=0 j=i-2 



ip^a) 
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Since V*V(p^'{a) = ip''' {a)V*V = ^'^'(a) modulo 5 ® K it follows that V*Tps'{a)V = 
(p^ (a) modulo S ® K. Thus an application of Kasparov's stabilisation theorem as 
in the proof of Lemma [231 shows that V can be dilated to give a unitary equivalence 
between ip^ (B and (p^ (BO- Hence a31) follows from Lemma [2.41 

Using a28) - a31) we can now complete the proof as follows: By assumption (pf © 
ip(BO is asymptotically split. Since / and h only differ in the discretization sequences, 
it follows from Lemma [^31 that iph^Bip (BO is asymptotically split. Then f l2.4p implies 
that sois (pg^ip (BO. g and g' differ also only in the discretization sequence so another 
application of Lemma [2.51 shows that also ipg' (Bip (BO is asymptotically split. Hence 
a31) shows that iph' (Bip(BO is asymptotically split and a final application of Lemma 
12.51 implies then that the same is true for ipfi (B ip (BO. D 

We can now combine Lemma 12.71 with Lemma 12.51 to obtain the following: 

Proposition 2.8. Let A and B he C* -algebras, A separable, B stable and a-unital. 
Let ip.,ip' : A ^ Q{B) be asymptotic extensions which are strongly homotopic. Let f 
and f be any folding data for ip and pJ , respectively. Assume that ip : A ^ Q{B) is 
an extension such that ipf (B ip (B is asymptotically split. 
It follows that ip'j:, © ^ © is asymptotically split. 

Proof Let / = (jp, {u„} , {t„}) be folding data for pi and /' = {p>', {u'^} , {t^}) for 
p>'. It follows from Lemma 12.31 that we can assume that p> and p>' are uniformly 
continuous. Let a : A ^ C[0, 1] ® Q{B) be a strong homotopy connecting (p 
and p>'. By Lemma 4.3 of [MT2j (or Lemma 12.31 above) there is a Lipschitz re- 
parametrisation r : [1, oo) — )■ [1, oo) such that a^ is uniformly continuous. Since r is 
Lipschitz there are strong homotopies consisting of uniformly continuous asymptotic 
homomorphisms A — )■ C[0, 1]($Q{B) connecting p> to p>^ and ip' to (/?"". Concatenation 
with a^ gives us a strong homotopy which connects p> to p>' and consists of a uniformly 
continuous asymptotic homomorphism A — )■ C[0, 1] ®Q{B). The desired conclusion 
follows then by combining Lemma 12.71 with Lemma 12.51 D 

2.5. The pairing. To obtain the desired pairing between extensions and asymptotic 
homomorphisms we must review the composition product of asymptotic homomor- 
phisms, as defined by Connes and Higson in |CH] , in a form suitable for the present 
purpose. 

Lemma 2.9. Let A, A' and D be C* -algebras, A, A' separable. Let p> : A ^ D 
and X : A' ^ A be equi- continuous asymptotic homomorphisms. Let X O A' be a 
a -compact subset with dense span in A' . 

There is a re-parametrisation s : [1, oo) — t- [1, oo) and an equi- continuous family 
of maps Kt,x : A' -^ D,t,x E [1, oo), t > x, such that 

i) lim^-^oo supt>^ ll^^i o As(^)(a) - /ti,:E(a)|| = for all a e X, and 

a) lim^._^oo supt>^. \\Kt,xia)Kt,xib) - fi:i_^(a6)|| = 0, 

Hi) lim^-^oo supt>^ \\f^t,x{(^) + zf^t,x{b) - f^t,x{(^ + ^b)\\ = 0, 

iv) lima;^oo supt>^. \\Kt,x{(^*) - >^t,x{'^)*\\ = 

v) supj^^ ||Ki,^.(a)|| < oo 

for all a,b & A' and all z G C. 

Proof. By the method used to define the composition product of (p and A in |CH] 
we get a re-parametrisation r : [1, oo) — )■ [1, oo) such that r(l) = 1 and 
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a32) \imsupt^^snpy>^^t)\\ipy o Xt{a) - ipy o Xt{b)\\ < ||a-fe||, 

a33) limt^oo supy>^(j) \\ipy o Xt{a)ipy o Ai(6) - ipy o Xt{ab)\\ = 0, 

a34) \imt^oc>supyy^(_t^\\ipyO Xt{a) + zipyoXt{b) -ipyo Xt{a + zb)\\ =0, 

a35) liiiit^oo supj^>^(j) ||v9j/ o Af(a*) - (/^j^ o Aj(a)*|| = 

for all a,b ^ X and all z G C Then s = r^^ : [1, oo) — )■ [1, oo) is a re-parametrisation 
such that 

a36) limsup^_^^supt>^ ||(/?t o A,(^)(a) - y^^ o A,(^)(6)|| < \\a - b\\, 



Vt ° >^s{x){a)Vt ° \s{x){b) -Vt° >^s{x){ab)\\ = 0, 

Vt o K{x)ia) + zipt o Xs[x){h) - V^i o ^s{x){a + zb)\\ =0, 

V^i o As(:r)(a*) - v^i o A^(^)(a)*|| = 

for all a,b e X and all z e C. Set Z = {(t, x) e [1, oo)^ : t > a;}, A = Cb {Z, D) 
and 



a37) lim^^oo sup4>^ 
a38) lim^-^oo sup4>^ 
a39) linia^^oo supj>^ 



J=lfeA: limsup||/(t,x)|| =0 

Then J is an ideal in A and we let g : ^ — )■ A/ J be the quotient map. It follows from 
a36)-a39) that there is a *-homomorphism $ : A' — )• A/ J such that $(a) = g(/a) 
for each a G X, where /^ G ^ is defined such that fa(t,x) = (fit ° K{x){ci)- By the 
Bartle-Graves selection theorem there is a continuous right-inverse 5* : A/ J' — t- A 
for g. Set Kt,x{0') = S o <l>(a)(t,a;). Then i)-iv) hold. D 

With the re-parametrisation s from Lemma fl^ at hand we can now introduce the 
composition product • : [[A, D]] x [[A', A]] — )■ [[A', D]] of Connes and Higson, [CH] , 
such that 

M.[A] = [$], 

where $ : A' — ?► Z^ is any equi-continuous asymptotic homomorphism with the 
property that 

lim $i(a) - Kt^s'(t){a) = 

for all a G X and s' is any re-parametrisation for which s' < s. 

Lemma 2.10. Let A, A' be separable C* -algebra, B stable and a-unital. Let ip : A ^ 
Q{B) be a semi-invertible extension and X : A' ^ A an asymptotic homomorphism. 
It follows that any folding [ip o X) r of the asymptotic extension ip o X is semi- 
invertible. 

Proof. Let ip' : A —^ Q{B) be an extension such that ip ® ^' is asymptotically split. 
By considering the composition product between A and an asymptotic lift oi ip®^' 
it follows that there is a re-parametrisation s such that {ip o A'^) © {ip' o A'^) is an 
asymptotic extension which is asymptotically split in the sense of |MT2j . It follows 
therefore from Lemma 4.4 of |MT2j that ((/? o A^) r is semi-invertible for any folding 
(yj o X'^) n oi ip o X^ . Since (/? o A^ is strongly homotopic to (/? o A, it follows from 
Proposition 12.81 that the same is true for any folding oi ip o X. D 

As in |MT3] . jMT4] and |MT5] we denote Ext~2(^^^iJ) the group of semi-invertible 
extensions of A by S modulo unitary equivalence and addition by asymptotically 
split extensions. By combining Proposition 12.81 and Lemma [2.91 with Lemma 4.5 of 
|MT2j we get the desired pairing: 
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Theorem 2.11. Let A, A' be separable C* -algebra, B stable and a-unital. There is 
map a 

*: Ext-^{A,B) X [[A', A]] ^Ext-^A',B) 

such that [ip]-k[X] = (ip o X) , where (y9 o A) r is an arbitrary folding of the asymptotic 



extension ip o \. 

In the construction of the pairing -k we have fixed the strictly positive element 
b E B which we used to define the unit sequences. It follows from Lemma 4.4 of 
|MT2j that -k is independent of the choice of b. The freedom in the choice of strictly 
positive element makes it easy to show that 

(b] + M)MA] = (MMA]) + (MMA]). (2.24) 

As should be expected it is somewhat more tricky to establish the natural asso- 
ciativity involving ic and the composition product • for asymptotic homomorphisms. 

Lemma 2.12. Let A',A,B be C*-algebras, A', A separable and B stable and a- 
unital. Let ip : A -^ Q{B) be an asymptotic extension and X : A' ^ A an asymp- 
totic homomorphism. There is a folding ipf of (p, a re-parametrisation s, a folding 
{{pf o A*) r, of ipf o A"* and an asymptotic extension fi : A' ^ Q{B) such that 

i) [ji] = [ip] • [A] in [[A',Q{B)]] where • denotes the composition product • : 

[[A',A]]x[[A,Q{B)]]^[[A',Q{B)]],and 
a) fif» = [ipf o A*) r, for some folding ^fn of fi. 

Proof. Let -Fi C F2 C F3 C . . . be a sequence of finite subsets with dense union in A' 
and set X = [j^ F„. By construction of the composition product there is a parametri- 
sation s and an equi-continuous family of maps Kj ,^. : A — > Q{B),t, x G [1, 00), t > x, 
such that i)-v) of Lemma 12.91 hold. The composition product [ip] • [A] is then rep- 
resented by any asymptotic extension fj, with the property that limt^oo/Ut(a) — ft^ 
Xs{r{t)){0') = for all a E X, where r can be any re-parametrisation such that r{t) < t 
for all t. 

From the Bartle-Graves selection theorem we get an equi-continuous family of 
maps Kt^x '■ A -^ M{B), t, x G [1, 00), t > x, such that qB°'^t,x = f^t,x for all t, x. Let 
/ = (jp, {un}, {tn}) be folding data for ip which have a series of additional properties 
which we now describe. For each A; G N there is a 5^ > such that 

ma.x{\s — s'\,\t — t'\} < 6k =^ ||/«t,s(a) — /tt',s'('^)ll — 7 (2.25) 

when s,s',t,t' G [1, A; -|- 2] and a G F^. We shall require of the discretization {t„} 
that 

\t^-ti+l\<6k (2.26) 

when ti < k. Concerning the unit sequence {u„} we will require that 

lim sup [\\{l-Un)f{t,x)\\-\\qB{f{t,xm] = (2.27) 

when / is any of the M(i?)-valued functions 

• f(t,x) = Kt,x{a)'Kt,x{h) -Kt,x{a'h), 

■ f{t,x) = 7ti,^(a*) -Kt,x{a)% 

■ f{t, x) = Ki,^(a + \b) - Kt^xia) - \Kt,x{b) 
for any a,b E A', A G C, or 
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for any a & X, and also that 

lim sup ||M„Kj^^(a) - 7ti_^.(a)M„|| = 

for all a e A'. 

We choose next a discretization {t'^} of [1, oo) such that 



f2.28) 



(2.29) 



lim sup sup ||v3^o As(t)(a) - v9„o A^(t;)(a)|| = 

for all a E X. This is done as follows: Let n >2. By compactness of 

{\s(t)ia) : te [l,n + 2],aGF„} 

and equi- continuity of ^ there is a 5 > such that sup^g[]^_oo) ll^i,(?/) ~^t;(-2)|| < ^ 
when z,y E {As(f)(a) : tG [l,n + 2], a G i^„} and ||y — 2;|| < 6. Choose then a 
6' g]0, 1] such that ||As(t)(a) — As(i/)(a)|| < 5 when t,t' G [l,n + l],a G F„ and 
\t - t'\ < 5'. Arrange that |t-+i - t^j < 6' when t^ G [n,n + 1]. Then 1^29^ holds. 

Subsequently we choose folding data /' = [ip, {u'^}, {t'n}) for V^/ ° ^* with the 
additional properties that 



lim sup 

n^°° te[l,n+2] 



a: 



n+j 



"^^kVt, oA,(i)(a)Afe-^t 



,fc=0 



(2.30) 



and 



^ sup 

„=1 te[l,n+2] 



a: 



n+j 



^Afcv?^^ oA,(i)(a)AA 



k=0 



^Akft, oA,(j)(a)AA 



fc=0 



a: 



n+j 



for all j G {-1, 0, 1}, a G X. It follows from fl^:^ and flOT]) that 



{ipf o A)^, (a) = gs XI 



vn=0 



XA,<^,^oA,(i;j(a)A, 
.i=o 



A' 



< oo 
(2.31) 

(2.32) 



for all a E X. As in the proof of Lemma [2.71 we can also require of {u'^} that there 
is a strictly increasing function ?7i : N — ;■ N such that m{0) = and 

a40) tm{n) > C+i, n>l, 

a41) M>m(„) = Um(n), 

a42) ti^(„)M^_i = M^_i, n > 1, and 

a43) t^ — t'^^i < tm(n) — ^m(n-l), n > 1. 

Define r : [1, oo) -> [1, cx)) such that r is linear on [tm(n~i),tm{n)] , r (tmin-i)) = t'n-i 
and r (tm(n)) = t'n fo^ ^11 '^^ I^ follows from a40) that r{t) < t for all t and from a43) 
that 



\r{t) -r{t')\ < \t-t'\ 



(2.33) 
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for all t,t' G [1, oo). From a41) and a42) we deduce that 



E 

n=0 

oo 



J2^m,°>'s(t'jia)Aj 



j=o 



A' 



n=l m{n-l)<k<in{n) j €{-1,0} 

Now we combine (12.291) and Lemma 3.1 of |MT2j to conclude that 

(oo 
n=l m(n-l)<fc<m(n) jej-l.O} 



Qb 



E^" 



n=0 



.A:=0 

oo 

\fc=0 

for all a G X. It follows from I KTI} that 

{ipf o A)^, (a) = gs X ^fe'«ifc,r-(tfe)(a)Afc 



(2.34) 



vA:=0 



for all a e X. Now note that it follows from (E^SD, (l2:26|) and (l233|) that 

lim sup ||Ki^,r(i^)(a) - Kj^r(j)(a)|| = 



for all a E A'. Combining this with (I2.27P and (I2.28P we can conclude that /" = 
[Kt,r{t), {un}, {tn}) is folding data for the asymptotic extension {Ki,r(t)}^gM ^y Since 
(12.341) implies that (ipfoX) , = fif„, where ^t = Qb °'i^t,r{t), this completes the 
proof. n 

Theorem 2.13. Let A", A', A be a separable C* -algebras and B a stable a-unital 
C* -algebra. Let z/ : A" — )■ A' and X : A' ^ A asymptotic homomorphisms and 
if : A ^ Q{B) a semi-invertible extension. Then 



^[A])^H = [^]^([A].M) 
znExt"5(A",5). 

Proof. Apply Lemma [2.121 with </) o A in the role of (p and u in the role of A. D 

3. Semi-invertibility 

Lemma 3.1. Let A', A, B be C*-algehras, A', A separable and B stable and a-unital. 
Let (f : A -^ Q{B) be an asymptotic extension and \ : A' ^^ A an asymptotic 
homomorphism. Let u : A' ^ Q{B) be an asymptotic extension such that [v\ = 
[ip] • [A] in [[A', Q{B)]]. Assume that ipg is semi-invertible for some folding ipg of ip. 
Then Vgi is semi-invertible for every folding Vgt of v. 
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Proof. Let iff, s, fi and /" be as in Lemma [2II21 By assumption ipg is semi-invertible 
for some folding ipg of ip and it follows then from Proposition I2.8l tliat also iff is semi- 
invertible. Thus fif» is semi-invertible by Lemma [2 .121 Since n is strongly homotopic 
to z/ it follows from Proposition 12 . 81 that Ug/ is semi-invertible for any folding of u. D 

With the following definition we try to cover the most general result about au- 
tomatic semi-invertibility which can be obtained from the pairing of Ext~^'^ with 
asymptotic homomorphisms. It is inspired by three sources. One is the paper by 
Dadarlat and Loring on unsuspended E-theory, [PL] , where homotopy symmetric 
C*-algebras are introduced. Another is the paper [Vj of Voiculescu where the notion 
of homotopy domination is introduced and the third is the work of Dadarlat [D] 
where it is shown that shape-equivalence of separable C*-algebras is the same thing 
as equivalence in the asymptotic homotopy category of Connes and Higson. 



Definition 3.2. Let A and A' be C*-algebras. Following the notation of [ DLj 
we denote by [id^] the element of [[A, A ® K]] represented by the *-homomorphism 
s{a) = a®e for some minimal non-zero projection e in K. We say that A is homotopy 
symmetric relative to A' when there are asymptotic homomorphisms A : A — )■ A' , 

/i : A' -)■ A (g) K and ^ : A -> A (g) K such that 

[id^] + [^] = [^^] . [A] 

in [[A, A ® K]]. When ip can be taken to be zero, we say that A is shape dominated 
by A'. 

Thus A is homotopy symmetric in the sense of Dadarlat and Loring if and only if 
it is homotopy symmetric relative to 0, and shape domination generalises homotopy 
domination in the sense of Voiculescu. 

Theorem 3.3. Let A',A,B be C*-algebras, A', A separable and B stable and a- 
unital. Assume that A is homotopy symmetric relative to A' and that all extensions 
of A' by B are semi-invertible. 

It follows that all extensions of A by B are semi-invertible. 

Proof. By Lemma 4.3 of |MT5j it suffices to show that all extensions of A ® K by 
B are semi-invertible, i.e. we may assume that A is stable. Then our assumptions 
imply that there are asymptotic homomorphisms A:A— j-A'^K, /i:A'(g)]K— )-y4 
and ip : A ^ A such that [ip Q) {f o ■?/;)] = [ipo fi]» [A] in [[A, Q{B)]] for any extension 
y? : A — )■ Q{B). By assumption any folding of </) o /i is semi-invertible and hence 
Lemma 13.11 implies that (p ® {(f o fJ^) t is semi-invertible for any folding {ip o fi) ^ of 
(fi o fi. It follows that (fi is semi-invertible. D 

4. Relation to E-theory 

Recall that the E'-theory of Connes and Higson, |CH] , depends on a fundamental 
construction, the Connes-Higson construction, which produces asymptotic homo- 
morphisms out of extensions. Since the asymptotic homomorphism obtained from 
an asymptotically split extension is homotopic to 0, the Connes-Higson construction 
gives rise to a group homomorphism 

CH : Ext'^A,B) -^ [[SA,B]]. (4.1) 

As shown in |DL] the group [[SA, B]] is isomorphic to the i?-theory group E{A, SB). 
Thus CH gives a direct relation between Ext~^'^ and i?-theory. It is unknown if 
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CH is always an isomorphism, but we can now show that it is when A is shape 
dominated by another C*-algebra A' , for example a nuclear C*-algebra, for which 
CH : Ext-^/2(A',5) -^ [[SA\B]] zs an isomorphism. 

Theorem 4.1. Let A',A,B be separable C* -algebras, B stable. Let Lp : A ^ Q{B) 
be a semi-invertible extension and \ : A' ^ A an asymptotic homomorphism. It 
follows that 

CH{[ip]i.[\]) = CH[ip]»[S\] 
in [[SA',B]], where SX : 5*^4' — )■ SA is the suspension of \. 

Proof. We refer to |CH] for the description of the Connes-Higson construction we 
shall use here. Let ip he a lift of y? o A. Applying the same re-parametrisation to 
both ip and A we can arrange that ip is uniformly continuous, and still have that 
qs o ipt = ^ ° \ for all t, cf. Lemma 12.31 Let / = {ip, {«„}, {t„}) be folding data 
defining the folding {ip o A) r, and \etTp : A ^ M{B) be a continuous lift of ip. Let 
i? be a countable dense subset of Co(0, 1) and X a countable dense subset of A'. 
Define Ut E B, t E [n,n + 1], such that Ut = (t — n)Un+i + {n + 1 — t)un- Let r be a 
re-parametrisation of [1, cxd) such that 

a44) r{t) <t for all t, 

a45) lim„_i.oo rin + 1) — r{n) = 0, 

a46) limt^oo(l — Ut) (^pr(t){o,) — '^ o A^.(i)(a)) = for all a E X, and 

a47) [CH{(p) • (SX)] is represented in [[5*^', B]] by an asymptotic homomorphism 

$ : SA' -)■ B such that limj^^oo g{utW ('^r(t)(a)) - ^t{g ® a) = for dl\ g E R 

and all a G X. 

It follows from a44) and a45) that /' = (■?/', {m„.}, {r(n)}) is folding data for (y9 o A 
since {ip, {un}, {tn}) is. If we let A{t) ~ B{t) mean that limj_j.oo A{t) — B{t) = 0, we 
have for any g E R and a E X that 

(oo \ n+4 

^A„?/'^(„)(a)A„ j = ^ g{ut)AjilJr(j){a)Aj where t G [n, n + 1] 
n=0 / jf=n-4 

(by al) and the definition of {ut}) 

n+4 



Y^ g{ut)Ajtpr{t){a)Aj 

j=n-4 



(using a45) and the uniform continuity of ip) 



n+4 



Y^ 9{ut)A'^jiljr{t){a) = g{ut)ilJr{t){a) 

j=n-4 



g{ut)^ {Xr{t){a)) 
Ma ® a) 



(thanks to a44) and the properties of folding data) 
(thanks to a46)) 



(thanks to a47)). 

It follows that CH ( [(p] -k [A] ) is represented by an asymptotic homomorphism which 
asymptotically agrees with $. D 
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Corollary 4.2. Let A',A,B be C* -algebras, A', A separable and B stable and a- 
unital. Assume that CH : Ext~2 (^^^'^ B) — )■ [[SA', 5]] is an isomorphism, and assume 

that A is shape dominated by A'. It follows that CH : Ext^^{A,B) — )► [[5^,5]] is 
an isomorphism. 

Proof. This follows from a simple diagram chase in the commuting diagram 

Ext-kA,B) ^"^-^ [[SA,B]] 





(sx)* (Sf^r 



Ext-HA',B) ---^[[SA',B]] 



CH 

D 

Corollary 4.3. Let A be a separable C* -algebra which is shape dominated by a 
separable nuclear C* -algebra. It follows that CH : Ext^^{A,B) — t- [[SA, i?]] is an 
isomorphism for every stable a-unital C* -algebra B. 

Corollary 4.4. Let A be a separable C*-algebra and B a stable a-unital C*-algebra. 
Assume that A is homotopy symmetric in the sense of Dadarlat and Loring, |DL] . It 

follows that all extensions of A by B are semi-invertible and thatCH : Ext~^{A,B) — )• 
[[SA, B]] is an isomorphism. 

Proof. The first assertion follows from Theorem 13.31 To establish the second we 
assume without loss of generality that A is stable. It follows from |DLj that because 
A is homotopy symmetric the ii^-theory inverse of the canonical asymptotic homo- 
morphism S'^A — )■ A (arising from the Toeplitz extension) has an inverse A — )■ S'^A 
giving us a shape equivalence between A and S'^A. Since CH : Ext~^''^{S'^A, B) — )■ 
[[S^A, S]] is an isomorphism for every stable cr-unital B by [MT3j . it follows from 
Corollary 14.21 that also CH : Ext" 2 (A, 5) — )■ [[S'A, 5]] is an isomorphism. D 

It remains an open question if (14. ip is always an isomorphism. 
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